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Abstract
In this paper, we study the interaction between a three-level atom and a quantized
single-mode field with “intensity-dependent coupling” in a “Kerr medium”. The three-
level atom is considered to be in a Λ-type configuration. Under particular initial condi-
tions, which may be prepared for the atom and the field, the dynamical state vector of
the entire system will be explicitly obtained, for arbitrary nonlinearity function f(n) as-
sociated to any physical system. Then, after evaluating the variation of the field entropy
against time, we will investigate the quantum statistics as well as some of the nonclassical
properties of the introduced state. During our calculations we investigate the effects of
intensity-dependent coupling, Kerr medium and detuning parameters on the depth and
domain of the nonclassicality features of the atom-field state vector. Finally, we compare
our obtained results with those of V -type three-level atoms.
Pacs: 42.50.Ct, 42.50.Dv, 42.50.Ar, 42.50.-p
Keywords: Atom-field interaction; intensity-dependent coupling; Kerr medium; Λ-type
three-level atom; Nonclassical state.
1 Introduction
As is well-known, the full quantum mechanical atom-field interaction can predict new aspects of
quantum nature of the field as well as the atom. One of the most common models in quantum
optics, which is usually used for the description of the atom-field interaction, is the Jaynes-
Cummings model (JCM). This model is basically a full quantum mechanical theory that gives
a solution for the interaction between a two-level atom and a single-mode field [1, 2]. Many
kinds of generalizations have been proposed to modify the JCM, through which the frequent
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usefulness of such a model has been shown in various physical studies. Indeed, the JCM and
its generalizations can predict new physical results. JCM with intensity-dependent coupling
suggested by Buck and Sukumar [3, 4] describes the dependence of atom-field coupling on the
light intensity. Buzˇek [5] demonstrated that in the intensity-dependent coupling JCM, the
exact periodicity of the physical quantities, particularly the atomic population inversion and
the squeezing, may be observed if one considers the interaction between a two-level atom and
a single-mode field. Moreover, the latter observations can be destroyed if the radiation field
interacts with a system of more than one two-level atom, or when more than two levels of a
single-atom are taken into account [6]. An-fu and Zhi-wei [7] found that the phase distribution
depends on the coherent field intensity and the detuning parameter. Fang et al examined the
properties of entropy and phase of the field in two-photon JCM in the presence of nonlinear
interaction of a Kerr medium with the field mode [8]. The effect of virtual-photon fields in
the JCM with the counter-rotating wave terms has been investigated by Xie et al [9]. Kazakov
[10] discussed the independent interaction of a two-level atom with two-modes quantized field,
according to the modified JCM. Marchiolli [11] examined, in the framework of the non-resonant
JCM, the nonclassical properties of a two-level atom interacting with a single-mode cavity field
which is prepared in a finite and discrete harmonic oscillator-like coherent state. Crnugelj et al
[12] studied the time evolution and squeezing properties of a deformed JCM, which corresponds
to the usual model with intensity-dependent coupling, controlled by two additional parameters
may be determined by experiment. The collapse and revival in the JCM have been analyzed
analytically by Feranchuk et al [13]. Recently, Koroli et al [14] studied the interaction of an
equidistant three-level atom (ion), whose dipole moment matrix transition elements between
the adjacent atomic levels are different from the GP nonlinear coherent state of SU(1, 1) group.
More recently, a nonlinear interaction between a two-level atom and a single-mode field is con-
sidered in the frame of JCM by Cordero et al [15] and the complete revivals are established
for appropriate coupling. Evolution of a two-level atom in a strong resonant quantum field
beyond the rotating wave approximation (RWA) has been considered in [16] and recently, the
nonlinear interaction of an equidistant three-level atom and a single-mode cavity field, that is
initially prepared in a generalized coherent state, has been studied by one of us [17]. Also,
before these, three-level atoms have been studied in somewhat different ways. For instance,
Radmore and Knight [18] discussed the time evolution of a three-level system in both ladder
and Λ-configurations driven by two different fields of arbitrary amplitudes and detunings using
dressed states.
Now, in this paper, we study a Λ-type three-level atom interacting with a single-mode field,
regarding the JCM with intensity-dependent coupling between the atom and the field (nonlin-
ear JCM) surrounded by a Kerr medium. Recently, such an interaction for a three-level atom
in V -configuration has been studied in [19]. A special case of [19], in which the Kerr medium
is neglected and the intensity-dependent function is considered to be f(n) =
√
n, has been
discussed in [20]. Moreover, since V - and Λ-configurations are adequately distinguishable due
to their different structures and properties, investigating this type of interaction in a Λ-type
three-level atom, from which we will obtain new results, seems to be useful. Anyway, along this
perspective, our further motivation of this paper is to investigate the effects of Kerr medium,
intensity-dependent coupling and detuning parameters on the physical properties such as field
entropy, Mandel’s Q parameter, normal and higher-order squeezing and quasiprobability Q-
distribution function.
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The paper is organized as follows. In the next section, we attempt to find the explicit form
of the state vector of the atom-field system using the nonlinear JCM. In section 3, the en-
tropy evolution of the field is evaluated. Then, we pay attention to the quantum statistics of
the obtained states by considering the Mandel Q parameter in section 4. Normal squeezing,
amplitude-squared squeezing and amplitude-cubed squeezing of the obtained state are stud-
ied in section 5. Section 6 deals with the quasiprobability Q-distribution function. Section 7
contains a summary and concluding remarks.
2 Introducing the state vector of the system
In quantum mechanics, the most important step in studying any physical system is the con-
struction of an appropriate Hamiltonian of the system. This goal is achieved by an exact
view on the existing interactions between subsystems. Then, by solving the time-dependent
Schro¨dinger equation, one may find the dynamical state of the system under study. Possible
information arises from the wave function of the system. Let us consider a model in which
the single-mode electromagnetic field which oscillates with frequency Ω in an optical cavity
involving a Kerr medium interacts with a Λ-type three-level atom. The three levels of the atom
are indicated by |j〉 with energies ωj where j = 1, 2, 3 (see figure 1). In this type of atoms,
the transitions |1〉 → |2〉 and |1〉 → |3〉 are allowed and the transition |2〉 → |3〉 is forbidden
in the electric-dipole approximation [21]. The Hamiltonian for this system in the RWA can be
written as (~ = 1 = c)
H = H0 +H1, (1)
where
H0 =
3∑
j=1
ωjσjj + Ωa
†a, (2)
H1 = χa
†2a2 + λ1(Rσ13 + σ31R
†) + λ2(Rσ12 + σ21R
†), (3)
where σij denotes the lowering and raising operators between |i〉 and |j〉 defined by σij =
|i〉〈j|(i, j = 1, 2, 3), a and a† are respectively bosonic annihilation and creation operators of the
field, χ denotes the dispersive part of the third-order nonlinearity of the Kerr medium and the
constants λ1, λ2 determine the atom-field coupling. A deep insight in the form of the introduced
H1 in (3) demonstrates that this Hamiltonian is constructed by changing λi to λif(n), i = 1, 2,
when compared with the standard JCM. Henceforth, sometimes it is called “nonlinear JCM”
[5]. The operators R and R† are respectively the nonlinear (f -deformed) annihilation and
creation operators, which satisfy the following communication relations:[
R,R†
]
= (n+ 1)f 2(n+ 1)− nf 2(n), [R, n] = R, [R†, n] = −R†, (4)
where n = a†a, R = af(n), R† = f(n)a† and f(n) is a Hermitian operator-valued function
responsible for the intensity-dependent atom-field coupling. In order to rearrangement the
Hamiltonian in (2), we use the Heisenberg equation of motion and the constants of motion will
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be obtained. These constants contain atomic probability and excitation number which can be
expressed by the following relations [22]:
PA =
3∑
i=1
σii = I,
N = a†a+ σ11, (5)
where I is the unity operator. Hence, the free part of the Hamiltonian in (2) can be rewritten
as
H0 = ω3I + Ω N− (∆3 −∆2)σ22 −∆3σ11, (6)
where the detuning parameters ∆2 and ∆3 are given by
∆2 = ω2 − ω1 + Ω, ∆3 = ω3 − ω1 + Ω. (7)
The wave function |ψ(t)〉 at any time t may be written in the following form
|ψ(t)〉 =
∞∑
n=◦
qn
[
A(n, t)e−iγ1t|1, n〉+B(n + 1, t)e−iγ2t|2, n+ 1〉
+ C(n+ 1, t)e−iγ3t|3, n+ 1〉
]
, (8)
where qn describes the amplitude of the initial field state, A,B and C are the atomic probability
amplitudes which have to be determined and
γ1 = ω1 + nΩ,
γ2 = ω2 + (n + 1)Ω,
γ3 = ω3 + (n + 1)Ω. (9)
At this stage, the exact values of atomic probability amplitudes that determine the explicit form
of the wave function should be found. For this purpose, we insert the assumed wave function
(8) into the time-dependent Schro¨dinger equation considering the Hamiltonian in (1). Farther
calculations lead to the following coupled differential equations for the probability amplitudes
i A˙ = V1A+ f1Ce
−i∆3t + f2Be
−i∆2t,
i B˙ = V2B + f2Ae
i∆2t,
i C˙ = V2C + f1Ae
i∆3t, (10)
where the dot signs refer to the time differentiation and we have set
f1 =˙ λ1
√
n + 1 f(n+ 1),
f2 =˙ λ2
√
n + 1 f(n+ 1),
V1 =˙ χ n(n− 1),
V2 =˙ χ n(n + 1). (11)
4
By assuming B = eiµt and inserting it into the equations expressed in (10), one arrives at
µ3 + x1µ
2 + x2µ+ x3 = 0, (12)
where
x1 =˙ 2V2 + V1 +∆3 −∆2,
x2 =˙ ∆2 (∆2 −∆3 − 2V2 − V1) + V2 (2V1 + V2 +∆3) + V1∆3 − f 21 − f 22 ,
x3 =˙
[
(V2 +∆3 −∆2)(V1 −∆2)− f 21 − f 22
]
V2 − f 22 (∆3 −∆2). (13)
It is clear that Eq. (12) has generally three different roots. Hence, B can be implied as a linear
combination of eiµjt as follows:
B =
3∑
j=1
b˜je
iµjt, (14)
where b˜j = f2bj . With the help of Kardan instruction [23], the general solution of Eq. (12) is
given by
µj = −1
3
x1 +
2
3
√
x21 − 3x2 cos
[
θ +
2
3
(j − 1)pi
]
, j = 1, 2, 3,
θ =
1
3
cos−1
[
9x1x2 − 2x31 − 27x3
2(x21 − 3x2)3/2
]
. (15)
Finally, by replacing Eq. (14) into the coupled differential equations in (10) and after some
lengthy but straightforward manipulations, we find the probability amplitudes in the form
A(n, t) = −e−i∆2t
3∑
j=1
(µj + V2)bje
iµjt,
B(n + 1, t) =
3∑
j=1
f2 bje
iµjt,
C(n + 1, t) =
1
f1
ei(∆3−∆2)t
3∑
j=1
[
(µj + V2)(µj + V1 −∆2)− f 22
]
bje
iµjt, (16)
where bj can be determined by the initial conditions for the probability amplitudes. Now, let
us consider the atom to be initially in the excited state, i.e. A(0) = 1, B(0) = C(0) = 0; then
using (16) the following relations may be found:
bj =
µk + µl + V1 + V2 −∆2
µjkµjl
, j 6= k 6= l = 1, 2, 3, (17)
where µjk = µj − µk. In conclusion, as is seen, the wave function |ψ(t)〉 introduced in (8) is
explicitly obtained. Therefore, we are now able to study the nonclassical properties of the state
of the atom-field system, of course after specifying the initial state of the field.
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3 Entropy evolution of the field
In recent years, various research works have been progressed in quantum entanglement, which is
one of the main parts for the execution of quantum information processing devices [24]. From
our obtained results in the previous section, it may be understood that quantum dynamics
associated with the presented atom-field quantum system leads to the entanglement between
the atom and the field. On the other hand, the entropy of the field is a criterion which implies
the strength of entanglement. The higher (lower) the entropy, the greater (smaller) the degree of
entanglement. Hence, we are reasonably interested in the investigation of the time evolution of
the entropy of our obtained state. To study the dynamics of the entanglement, one must choose
an entanglement measure. For the present case, we use the linear entropy or von Neumann
reduced entropy [25]. However, before investigating the field entropy, the important theorem of
Araki and Leib is worth recalling [26]. According to this theorem, for any two-components of
quantum systems (for instance the one under consideration), the entropies are limited by the
following triangle inequality:
|SA − SF | ≤ S ≤ |SA + SF |, (18)
where here the subscripts “A” and “F” refer to the atom and the field, respectively. The total
entropy of the atom-field system is denoted by S. If at the initial time, the field and the atom
are in pure states, the total entropy of the system is zero and remains constant. So, assuming
initially, S = 0 (if the system is prepared in a pure state), at any time t > 0, the entropy of
the field is equal to the atomic entropy [27]. Therefore, instead of the evaluation of the field
entropy, we can obtain the entropy of the atom. The entropy of the atom (field) according to
the von Neumann entropy is defined through the corresponding reduced density operator by
SA(F )(t) = −TrA(F )
(
ρA(F ) ln ρA(F )
)
. (19)
The reduced density matrix of the atom required for evaluating (19) is given by
ρA(t) = TrF (|ψ〉〈ψ|)
=

 ρ11 ρ12 ρ13ρ21 ρ22 ρ23
ρ31 ρ32 ρ33

 . (20)
The matrix elements in (20) are given, for instance, by
ρ11 =
∞∑
n=0
PnA(n, t)A
∗(n, t),
ρ12 =
∞∑
n=0
PnA(n, t)B
∗(n + 1, t)ei∆2t,
ρ13 =
∞∑
n=0
PnA(n, t)C
∗(n+ 1, t)ei∆3t, ...
where in all of the above relations, Pn = |qn|2 is the distribution of the initial radiation field,
and A,B and C are the atomic probability amplitudes derived in (16). Hence, the entropy of
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the field or atom can be obtained by the following relation [28, 29]:
SF (t) = SA(t) = −
3∑
j=1
ξj ln ξj, (21)
where ξj, the eigenvalues of the reduced atomic density matrix in (20), read as
ξj = −1
3
α1 +
2
3
√
α21 − 3α2 cos
[
β +
2
3
(j − 1)pi
]
, j = 1, 2, 3,
β =
1
3
cos−1
[
9α1α2 − 2α31 − 27α3
2(α21 − 3α2)3/2
]
, (22)
with
α1 =˙ −ρ11 − ρ22 − ρ33,
α2 =˙ ρ11ρ22 + ρ22ρ33 + ρ33ρ11 − ρ12ρ21 − ρ23ρ32 − ρ31ρ13,
α3 =˙ −ρ11ρ22ρ33 − ρ12ρ23ρ31 − ρ13ρ32ρ21
+ ρ11ρ23ρ32 + ρ22ρ31ρ13 + ρ33ρ12ρ21. (23)
Studying the dynamical behaviour of the entropy of the system under consideration leads us to
obtain a correlation between the atom and the field. Equation (21) determines the variation of
the entropy of the atom or the field with time. In addition, we note that by this equation the
degree of entanglement between the atom and field is also determined, i.e. the subsystems are
disentangled (the system of atom-field is separable) if equation (21) tends to zero.
For simplicity and without loss of generality, we consider λ1 = λ2 = λ in all of our numerical
calculations in the remainder of the paper. Henceforth, we can plot all required quantities as a
function of scaled time τ = λt. Also, the field is considered to be initially in a coherent state:
|α〉 = exp
(
−|α|
2
2
) ∞∑
n=◦
αn√
n!
|n〉. (24)
So,
Pn = |qn|2 = exp(−|α|2) |α|
2n
n!
, (25)
where |α|2 is exactly the mean photon number (intensity of light) of the initial coherent field.
We present the numerical results for the cases f(n) = 1 and f(n) = 1/
√
n, which have been
obtained by Man’ko et al [30] (where the corresponding coherent states have been named by
Sudarshan as harmonious states [31]). At this point, we would like to mention that we have
used exactly the same nonlinearity function and the same parameters of [19] in all of our further
numerical results, so as to make a better comparison with the V -type configuration [19], which
will be offered in the continuation of the paper.
Figure 2 shows the evolution of the field entropy against the scaled time τ for initial mean
number of photons fixed at |α|2 = 10. The left plots concern with the absence of the intensity-
dependent coupling, i.e. f(n) = 1 and in the right plots the intensity-dependent coupling with
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f(n) = 1/
√
n is considered. In figure 2(a) the Kerr medium is eliminated (χ = 0) and the
exact resonant case is considered (∆2 = ∆3 = 0). figure 2(b) shows the effect of the Kerr
medium (χ/λ = 0.4) in exact resonance condition. The effect of the detuning parameters
(∆2/λ = 7,∆3/λ = 15) in the absence of the Kerr medium (χ = 0) has been shown in figure
2(c). As seen from the left plot of figure 2(a), whereas the intensity-dependent coupling and
the Kerr effect are disregarded, a chaotic behaviour for the time evolution of the field entropy
is revealed in the resonant case. By including the intensity-dependent coupling (right plot of
figure 2(a)) a regular oscillatory behaviour is observed. Instead, in both plots of figure 2(b),
the behaviour of entropy of the field is clearly chaotic. Furthermore, comparing the right plots
of figures 2(a) and 2(b) indicates that the Kerr effect in the presence of the intensity-dependent
coupling reduces the maximum value of the quantum field entropy, while it is seen that the
minimum value of the entropy has been increased. The effect of the detuning parameters can
be seen from figure 2(c). One can observe that while in both plots of figure 2(c) the time
evolution of the field entropy has a chaotic temporal behaviour with rapidly changes against
scaled time, the presence of intensity-dependent coupling (right plot of figure 2(c)) causes the
maxima of oscillations to be lowered by a relative amount of nearly 0.40. Also, comparing the
right plots of figures 2(a) and 2(c) shows that the detuning parameters descend the amount of
the field entropy. Both of these figures have a periodic behaviour against the scaled time τ . It
appears that the presence of the detuning effect causes an increase in the period of time for the
field entropy. We conclude this section with comparing our presented results with [19]. From
figure 2 it is clear that for all cases, the quantum field entropy and subsequently the degree of
entanglement between atom and field for the Λ-type three-level atom is greater than V -type
configuration. We note that the value of zero in these plots expresses that the atom and the
field are disentangled. In fact, at times when the entropy becomes zero, the atom is in its pure
states.
4 Photon statistics: the Mandel parameter
To study the statistical properties of the system, Mandel parameter is usually a helpful quantity.
This parameter has been defined as follows [32]:
Q =
〈(∆n)2〉 − 〈n〉
〈n〉 , (26)
where (∆n)2 = 〈n2〉 − 〈n〉2. When −1 ≤ Q < 0 (Q > 0), the statistics is sub-Poissonian
(super-Poissonian) and Q = 0 shows the Poissonian statistics. For our considered system we
have
〈n〉 =
∞∑
n=◦
Pn
[
n|A(n, t)|2 + (n+ 1) (|B(n+ 1, t)|2 + |C(n+ 1, t)|2) ] (27)
and similarly,
〈n2〉 =
∞∑
n=◦
Pn
[
n2|A(n, t)|2 + (n+ 1)2 (|B(n+ 1, t)|2 + |C(n+ 1, t)|2) ] (28)
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where A, B and C have been determined in (16). Our presented results in figure 3 show the
time evolution of Mandel parameter versus the scaled time τ for the initial mean number of
photons fixed at |α|2 = 10. The left (right) plots again correspond to the case f(n) = 1
(f(n) = 1/
√
n). Figure 3(a) is plotted for searching the particular effect of intensity-dependent
coupling in the absence of Kerr medium and detuning parameters (χ = 0, ∆2 = ∆3 = 0).
The plots of figure 3(a) show that the intensity-dependent coupling causes an increase in the
negativity of Mandel parameter in addition to changing its chaotic behaviour between positive
and negative values to nearly regular oscillations in the negative region. Figure 3(b) indicates
the effect of the Kerr medium (χ/λ = 0.4) in exact resonance. Comparing the left plots of
figures of 3(a) and 3(b) shows that the Kerr effect converts some parts of the supper-Poissonian
to sub-Poissonian statistics especially at large times, while from the right ones we observe
that the Kerr medium causes the regularity of oscillations of the Mandel parameter to be
disturbed. In figure 3(c), only the effect of detuning parameters is shown (∆2/λ = 7 and
∆3/λ = 15). In the left plot of figure 3(c) whereas atom-field coupling does not depend on
intensity, we see that the Mandel parameter of the field oscillates between negative and positive
values. The fact that these parameters take negative values in some intervals of scaled time
indicates the nonclassicality feature of states. Comparing the left plots of figures of 3(a) and
3(c) shows that the detuning parameters increase the negativity of the Mandel parameter.
Also, it is seen that in both of the mentioned figures typical fractional collapses and revivals
will appear. In general, adding our results displayed in figure 3 (when the right-hand side plots
are compared with the left ones), we may easily conclude that intensity-dependent coupling has
a direct role in revealing this nonclassical property. Indeed, the intensity-dependent coupling
eliminates the super-Poissonian behaviour of state under consideration such that the observed
nonclassical feature (sub-Poissonian behaviour) conserves as time goes on. The right plots of
figure 3 show that in the intensity-dependent regime the Mandel parameter is always negative.
It is useful to indicate that in the absence of the intensity-dependent coupling, the presence
of detuning parameters has a significant effect on the maximum amount of negativity of the
Mandel parameter (strength of nonclassicality of the states), while, in some situations, the
existence of Kerr medium does not have an expressible influence on this parameter. Altogether,
by comparing the two models of Λ- and V -type three-level atoms (presented by us and [19],
respectively), it can conveniently be understood that the depth of this nonclassicality feature in
Λ-configuration is more considerable than V -type, i.e, the negativity of the Mandel parameter
becomes nearly from 1.5 to 8 times greater than V -type three-level atom.
5 Squeezing: normal and higher orders
In quantum optics, squeezing phenomenon is describes by decreasing the quantum fluctuations
in one of the field quadratures with an increase in the corresponding conjugate quadrature. This
parameter has been defined in various ways. As some examples, one may refer to first-order
and higher-order squeezing. We define the following Hermitian operators:
Xk =
ak + a†k
2
, Yk =
ak − a†k
2i
, k = 1, 2, 3, . . . , (29)
where k indicates the order of squeezing of the radiation field. It is worth noticing that higher
order squeezing may be generated in higher-order harmonics [33].
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5.1 Normal (quadrature) squeezing
Setting k = 1 in (29), the X1 and Y1 quadratures obey the commutation relation [X1, Y1] = i/2.
Consequently, the uncertainty relation for such operators reads as (∆X1)
2 (∆Y1)
2 ≥ 1/16,
where 〈∆Z1〉2 = 〈Z21〉 − 〈Z1〉2 and Z1 = X1 or Y1 and ∆X1 and ∆Y1 are the uncertainties in
the quadrature operators X1 and Y1, respectively. A state is squeezed in X1(Y1) if (∆X1)
2 <
0.25 ((∆Y1)
2 < 0.25), or equivalently by defining
S
(1)
X = 4 (∆X1)
2 − 1, S(1)Y = 4 (∆Y1)2 − 1, (30)
squeezing occurs in X1(Y1) component respectively if −1 < S(1)X < 0 (−1 < S(1)Y < 0). So the
parameters in (30) sometimes have been called the normalized squeezing parameters. These
parameters can be rewritten as
S
(1)
X = 2〈a†a〉+ 〈a2〉+ 〈a†2〉 −
(〈a〉+ 〈a†〉)2 ,
S
(1)
Y = 2〈a†a〉 − 〈a2〉 − 〈a†2〉+
(〈a〉 − 〈a†〉)2 , (31)
where 〈a†a〉 has been given by relation (27) and the following general relation can straightfor-
wardly be obtained
〈ar〉 =
∞∑
n=◦
q⋆nqn+r
(√
(n + r)!
n!
A⋆(n, t)A(n+ r, t)
+
√
(n+ r + 1)!
(n + 1)!
[B⋆(n+ 1, t)B(n+ 1 + r, t)
+ C⋆(n+ 1, t)C(n+ 1 + r, t)]
)
. (32)
Notice that 〈ar〉⋆ = 〈a† r〉. Figure 4 describes the first-order squeezing in X quadrature in terms
of scaled time for different chosen parameters as before. From the left plot of figure 4(a) with
constant coupling, in the absence of Kerr medium and in the resonance condition, it is seen
that the state of the system does not possess squeezing, while with the same parameters, if
only intensity-dependent coupling arrives in the interaction process (right plot of figure 4(a)),
squeezing will be seen in the state of the system in all times. It is also shown in figure 4(b)
that in exact resonance condition and in the presence of Kerr medium with either constant
or intensity-dependent coupling, the results are approximately the same (with no squeezing
effect). So we may conclude that, while the intensity-dependent coupling has a direct role in
revealing the squeezing phenomenon, the Kerr effect prevents the observation of squeezing of
the state of the system.
Finally, figure 4(c) indicates that in the absence of Kerr effect and in non-resonance condition,
in both cases (constant and intensity-dependent coupling), the results are qualitatively similar
to figure 4(a). So it seems that detuning parameters do not have a serious effect on the amount
of squeezing of the field quadratures in comparison with the intensity-dependent coupling effect.
By adding the above numerical results of normal squeezing and comparing with similar figures
for the V -type three-level atom, one can see that some of them (left plots of figures 4(a), 4(c)
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and figure 4(b)) are very similar to their corresponding graphs of [19] (both sets are empty
from considerable quadrature squeezing). Also, the right plot of figure 4(a) is similar, with the
important difference that the depth of normal squeezing becomes four times greater in Λ-type
than the V -type atom. Meantime, comparing the right plot of figure 4(c) with the corresponding
one in V -type, one observes that in addition to the fact that in Λ-type the system is always
quadrature squeezed, the depth of squeezing becomes 103 times greater than the V -type.
5.2 Amplitude-squared squeezing
Setting k = 2 in (29), the obtained operators satisfy the commutation relation [X2, Y2] =
i(2n + 1), which obey the uncertainty relation (∆X2)
2 (∆Y2)
2 ≥ |〈n + 1
2
〉|2. Second-order
squeezing occurs in X2 (Y2) if (∆X2)
2 < |〈n + 1
2
〉|((∆Y2)2 < |〈n + 12〉|), or equivalently, if the
following parameters
S
(2)
X =
(∆X2)
2
|〈n+ 1
2
〉| − 1, S
(2)
Y =
(∆Y2)
2
|〈n+ 1
2
〉| − 1 (33)
satisfy the inequality −1 < S(2)X < 0 (−1 < S(2)Y < 0). The latter relations can be rewritten as
S
(2)
X =
〈a4〉+ 〈a†4〉+ 2〈n2〉 − 2〈n〉 − (〈a2〉+ 〈a†2〉)2
4〈n〉+ 2 ,
S
(2)
Y =
2〈n2〉 − 2〈n〉 − 〈a4〉 − 〈a†4〉+ (〈a2〉 − 〈a†2〉)2
4〈n〉+ 2 , (34)
where all of the required quantities in (34) may be obtained from (27), (28) and (32). Now,
we are ready to investigate the X component of second-order squeezing. Figure 5 shows that
amplitude-squared squeezing in X component for the chosen parameters has the same temporal
behaviour as normal squeezing. In the left plot of figure 5(a), where Kerr effect and intensity-
dependent coupling are both absent and in the resonance condition, the state of the system does
not exhibit squeezing. However, including the intensity-dependent coupling causes the state of
the system to be squeezed in all times (see the right plot of figure 5(a)). Both plots of figure 5(b)
show the effect of Kerr medium, where it is seen that this effect prevents the amplitude-squared
squeezing even in the presence of the intensity-dependent coupling. Figure 5(c) has the same
temporal behaviour as in figure 5(a), which shows the ignorable effect of detuning parameters.
It seems that this observation is similar to our output results for the normal squeezing discussed
at the end of the previous subsection. Meanwhile, it is convenient to declare that by comparing
both models of Λ- and V -type three-level atoms, where the detuning parameters are nonzero
and f(n) = 1/
√
n, the Λ-configuration is always amplitude-squared squeezed, similar to the
corresponding situation for normal squeezing, while no amplitude-squared squeezing is reported
in V -type [19] for a similar situation.
5.3 Amplitude-cubed squeezing
Putting k = 3 in (29), the operators of third-order squeezing are obtained, which satisfy
the commutation relation, [X3, Y3] =
i
2
(9n2 + 9n+ 6). The corresponding uncertainty relation
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reads (∆X3)
2 (∆Y3)
2 ≥ 1
16
|〈9n2+9n+6〉|2. Third-order squeezing occurs in X3 (Y3) if (∆X3)2 <
1
4
|〈9n2 + 9n+ 6〉| ((∆Y3)2 < 14 |〈9n2 + 9n+ 6〉|), or equivalently, if the parameters
S
(3)
X =
4 (∆X3)
2
|〈9n2 + 9n+ 6〉| − 1, S
(3)
Y =
4 (∆Y3)
2
|〈9n2 + 9n+ 6〉| − 1 (35)
satisfy the inequality −1 < S(2)X < 0 (−1 < S(2)Y < 0). Consequently, the latter relations can be
rewritten as
S
(3)
X =
〈a6〉+ 〈a†6〉+ 2〈n3〉+ 4〈n〉 − 6〈n2〉 − (〈a3〉+ 〈a†3〉)2
9〈n2〉+ 9〈n〉+ 6 ,
S
(3)
Y =
2〈n3〉 − 6〈n2〉+ 4〈n〉 − 〈a6〉 − 〈a†6〉+ (〈a3〉 − 〈a†3〉)2
9〈n2〉+ 9〈n〉+ 6 . (36)
We have plotted the amplitude-cubed squeezing for different chosen parameters mentioned
in figure 6. It is seen from the left plot of figure 6(a) that in the absence of Kerr effect
and in resonance condition, the state of the system does not have amplitude-cubed squeezing
property. However, after entering the intensity-dependent coupling and by maintaining the
other conditions, the state will be amplitude-cubed squeezed in all times (the right plot of
figure 6(a)). Figure 6(b) indicates the effect of Kerr medium, from which one can see that
the squeezing does not occur unless in some sharp finite points of time in the presence of
intensity-dependent coupling. We again found that the existence of the Kerr medium causes
the reduction of the amplitude-cubed squeezing features of the state of the system even in
the presence of the intensity-dependent coupling. At last, figure 6(c) describes the effect of
detuning parameters from which nearly similar behaviour to figure 6(a) is observed. For the
special case where we have the non-resonance condition and intensity-dependent coupling, the
behaviour of amplitude-cubed squeezing in both Λ- and V -type models are obviously different.
It is found that, only Λ-type configuration exhibits the amplitude-cubed squeezing property.
The right plots of figures 4-6 indicate that with the increase of the order of squeezing, the
amount of squeezing is decreased.
We conclude this section with emphasizing that, while generally the atom-field intensity-
dependent coupling has an obvious role in revealing different orders of the squeezing of the
state of the system, the effect of detuning parameters is weaker (especially, when f(n) = 1, i.e.
no intensity-dependent coupling exists) and the Kerr medium attenuates or even sometimes
prevents them from being observed.
6 Quasiprobability Q-distribution function
We will now calculate the Quasiprobability Q-distribution function [21], numerically. For the
atom-field system under consideration, one can obtain
Q(α, t) =
1
pi
|〈α|ψ〉|2 = 1
pi
e−|α|
2
∞∑
n=0
|α|2n
n!
Pn
×
[
|A(n, t)|2 + |α|
2
n+ 1
(
|B(n+ 1, t)|2 + |C(n+ 1, t)|2
)]
. (37)
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In figure 7, the three-dimensional distribution function and the corresponding contour plots in
phase space have been sketched for some chosen parameters, where x = Re(α) and y = Im(α)
and we assumed λt = pi/2. Figure 7(a) corresponds to the exact resonance condition with no
Kerr effect and constant atom-field coupling (f(n) = 1). In figure 7(b), all chosen parameters
are the same as in figure 7(a), except that the coupling has been considered to be intensity-
dependent (f(n) = 1/
√
n). By comparing these two figures, we conclude that in the presence
of the intensity-dependent coupling, distribution function is well spread and it is seen that the
maximum amount of this function is obviously reduced. The influence of Kerr medium on the
distribution function in the resonance condition and with constant coupling has been shown
in figure 7(c). This figure indicates that quasiprobability distribution function includes a hole,
which is caused by the Kerr medium. Also, the intensive drop of the maximum amount of this
function can be observed due to the influence of the Kerr effect.
7 Summary, discussion and concluding remarks
In this paper, we have considered the nonlinear interaction between a Λ-type three-level atom
and a single-mode field in a cavity containing a Kerr medium using the generalized JCM
with intensity-dependent coupling between the atom and the field. Next, after finding the
explicit form of the state vector of the atom-field system in a general manner, field entropy,
quantum statistics, some nonclassical properties and the quasiprobability distribution func-
tion of the obtained state have been investigated, numerically. In particular, we studied the
effects of “intensity-dependent coupling” (by considering the nonlinearity function as in [19]
f(n) = 1/
√
n), “Kerr medium” and “detuning parameters” on the mentioned physical quan-
tities, individually. We would like to emphasize the generality of our obtained formalism in
the sense that it may be used for any physical system, either any nonlinear oscillator alge-
bra with arbitrary f(n), or any solvable quantum system with known en, using the relation
en = nf
2(n) [34]. In this section, after presenting a summary of our extracted results, we
briefly compare them with those of V -type atoms which have been reported in [19]. Firstly,
focusing our attention to the obtained numerical results for Λ-type atoms, one can see that
generally intensity-dependent coupling reduces the maximum (and also minimum) amounts of
field entropies, unless the case which the system is in resonance condition and the Kerr medium
is not present. Also, it causes a regular oscillatory behaviour in the field entropy, except where
the Kerr medium exists (right plot of figure 2(b)).
Our further calculations on the nonclassical properties such as sub-Poissonian statistics and
different orders of squeezing (consist normal or quadrature, amplitude-squared and amplitude-
cubed squeezing) indicated that, if atom-field coupling depends on the intensity of the field, the
mentioned nonclassicality signs will be generally changed, except in the cases in which the Kerr
medium is present. In more detail, we may imply that intensity-dependent coupling causes
the Mandel parameter to take negative values at all times for all considered cases, although its
depth has been reduced. This means that intensity-dependent coupling converts all parts of the
figures with supper-Poissonian behaviour to sub-Poissonian statistics. This stated result is true
in the presence of Kerr medium and the detuning parameters, too. This effect (f(n) = 1/
√
n)
for squeezing behaviour seems to be somewhat different. Indeed, unless the case in which the
Kerr medium exists, intensity-dependent coupling reveals all orders of squeezing at all times
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with a more considerable depth. In this way, the major effect of intensity-dependent coupling
on the range and strength of these particular nonclassicality features of the state vector of the
system under consideration is well illustrated. So it is not far from reality if we say that the
intensity-dependent coupling plays an important role in ascending the latter quoted nonclassi-
cal properties of the system, and the Kerr medium prevent them from being observed.
As is observed from the left plots of Figures 4-6 (f(n) = 1), no squeezing is seen, exept in some
cases and in a very short time intervals. On the other hands, from the right plots of Figures
4-6 (f(n) = 1/
√
n), it is obvious that squeezing of all orders occurrs and their strengths quan-
titatively decrease with increasing order of squeezing. Indeed, squeezing of all orders (consist
normal or quadrature, amplitude-squared and amplitude-cubed) is seen at all times, except in
the presence of Kerr medium.
Now, if one compares our presented computational results with the similar situations (condi-
tions) for three-level atom in V -configuration presented in [19], it is observed that the inves-
tigated physical properties in Λ-configuration are more visible than V -type (of course for the
chosen parameters, although they have selected randomly). For instance, by comparing the time
evolution of the field entropy for Λ-type (all graphs displayed by us in figure 2) with the same
quantity for V -type three-level atom in [19], it is seen that the maxima of entropies are consid-
erably increased in our considered Λ-configuration. Specifically, for the case χ = ∆2 = ∆3 = 0
with f(n) = 1/
√
n, one can see that the maxima in the entropy are highly increased by the
order of approximately ≃ 102 times. Continuing the comparison to the Mandel parameter,
it will be seen that the sub-Poissonian criterion (negativity of Q-parameter ) of Λ-type is en-
hanced quantitatively from the order of 1.5 up to 8 times relative to V -type configuration.
Approximately, the same results may be illustrated for the squeezing parameters. But, before
arriving at this special discussion in detail, it is worth mentioning that our definitions of dif-
ferent orders of squeezing were chosen to be normalized, i.e. the amount of squeezing for any
order lies between the values −1 and 0 (it has the lower bound of −1). So, to have a better
comparison, we had to repeat the numerical calculations of higher order squeezing according
to our definition, for V -type atoms (since the definition used in [19] for these quantities is
not like ours). The obtained results enabled us to compare the squeezing features for Λ- and
V -type configurations. For instance, as an illustrative example one may refer to figure 4(c).
From this figure it is observed that for Λ-configuration for intensity-dependent coupling and
with nonzero detuning parameters, the state of the system is always normally squeezed, but in
V -configuration using similar parameters, the state of the system does not have squeezing at
all. The temporal behaviour of higher order squeezing for V -type and Λ-type is qualitatively
similar to the normal squeezing, except the cases in which the effects of detuning parameters
and intensity-dependent coupling have been simultaneously remarked. In this direction, con-
sider figures 4(c), 5(c) and 6(c), i.e. the cases in which χ = 0,∆2/λ = 7 and ∆3/λ = 15 with
f(n) = 1/
√
n. In these cases, while for V -type atoms amplitude-squared and amplitude-cubed
squeezing are not reported [19], in the Λ-type configuration, these nonclassicality indicators are
always seen as time goes on. After all, we observe that in the Λ-type configuration the squeez-
ing properties are considerably enhanced relative to V -type. For example, from figure (4), it
is seen that in the presence of intensity-dependent coupling, the depth of squeezing feature
in Λ-configuration is almost 4 (in the resonance condition) to 103 (in the presence of detun-
ing parameters) times greater than similar situations for V -type atoms. It is worth mentioning
that, recently atomic squeezing (as another nonclassical effect) for all types of three-level atoms
14
consist of ladder-, V - and Λ-configurations interacting with a radiation field has been studied
by Civitarese et al [35]. According to their results, atomic squeezing becomes evident in both
ladder and Λ schemes of three-level atoms. In addition, they found that, regardless of the
choice of the coupling constants and the number of atoms and photons, spin squeezing does not
appear so clearly in V -type three-level atoms. Our results, in a sense, are further evidences on
their work, i.e. the nonclassical properties (such as the degree of entanglement between atom
and field, sub-Poissonian statistics and different orders of squeezing) are also not so observable
in V -type, in comparison with Λ-type three-level atoms. Therefore, even though Zait [19] (and
so we) has chosen the parameters randomly, altogether, since our results are based on the nu-
merical calculations, and the effective parameters which enter the interaction are various, as
we repeatedly emphasized, the strongness of each nonclassicality criterion for the Λ-type atoms
depends on the chosen parameters.
At last, it is appropriate to dip into the influences of the Kerr medium and intensity-dependent
coupling on the behaviour of the quasiprobability distribution function (figure (7)). It appears
that intensity-dependent coupling spreads this function while the Kerr medium causes the cre-
ation of a hole on the Q-distribution function. Also, it is seen that both of the latter effects
can reduce the maximum amount of Q-function.
At the end of this paper, we mention that this study can be accomplished by considering a
two-mode field for both configurations of Λ- and V -type three-level atoms and different initial
states of the atom-field system. These works are in preparation and will be submitted in near
future.
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FIGURE CAPTIONS
Figure 1 Three-level atomic structure for Λ-type.
Figure 2 The entropy evolution of the field versus the scaled time τ = λt, when the
atom and field assumed to be initially in the excited state and in a coherent states with
|α|2 = 10, respectively. The left plots correspond to the absence of the intensity-dependent
coupling: f(n) = 1 and the right plots show the presence of the intensity-dependent
coupling: f(n) = 1/
√
n. Also, (a) χ = 0.0, ∆2 = 0.0, and ∆3 = 0.0, (b) χ/λ = 0.4,
∆2 = 0.0, and ∆3 = 0.0 and (c) χ = 0.0, ∆2/λ = 7, and ∆3/λ = 15.
Figure 3 The time evolution of Mandel’s Q parameter for chosen parameters similar to
figure 2.
Figure 4 The time evolution of the normal squeezing, S
(1)
X , for chosen parameters similar
to figure 2.
Figure 5 The time evolution of the amplitued-squared squeezing, S
(2)
X , for chosen pa-
rameters similar to figure 2.
Figure 6 The time evolution of the amplitued-cubed squeezing, S
(3)
X , for chosen param-
eters similar to figure 2.
Figure 7Mesh plots (left) and contour plots (right) of the quasiprobability Q-distribution
function for the same initial conditions as in figure 2, λt = π
2
and (a) χ = 0.0, ∆2 = 0.0,
and ∆3 = 0.0, f(n) = 1 (b) χ = 0.0, ∆2 = 0.0, and ∆3 = 0.0, f(n) = 1/
√
n and (c)
χ/λ = 0.4, ∆2 = 0.0, and ∆3 = 0.0, f(n) = 1.
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